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Abstract. 

We study the problem of nonparametric estimation of the fractional derivative of 
unknown spectral function of Gaussian stationary sequence (time series) and show 
that these problems is well posed with the classical speed of convergence when the 
order of derivative is less than 0.5. 
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1 Notations. Statement of problem. 


’’Fractional derivatives have been around for centuries but recently they have found 
new applications in physics, hydrology and finance”, see [28]. 

Another applications: in the theory of Differential Equations are described in 
[29]; in statistics see in [1], [4], see also [14], [12], [32]; in the theory of integral 
equations etc. see in the classical monograph [45]. 
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We consider here the problem of the nonparametric estimation of the 
fractional derivative for a spectral function of Gaussian stationary se¬ 
quence. 

We will prove that if the order of the fractional derivative a is positive and is 
strictly less than 1/2, then this problem is well posed. In particular, the speed of 
convergence of offered (asymptotical) unbiased estimate is l/\/n, as in the case of 
estimation of ordinary spectral function F{X)-, they are asymptotical normal still in 
uniform norm. 

Our results improve ones in the books and articles [2], chapters 7-9; [4], [5], [16], 
chapter 5; [17], [31], chapter 5, section 5.13; [32] etc. 

In particular, it is proved in the preprint [32], see also [4], that the problem of 
estimation of fractional derivative for function of distribution under condi¬ 

tion a < 1/2 is well posed with the optimal rate of convergence 1/y/n, when n is 
the volume of the sample, and is announced an analogues fact about the fractional 
derivative of spectral function. 

Let a = const G (0,1); and let also g = g{x), x E R he certain measurable 
numerical function. We recall for reader convenience that the fractional derivative 
of a Rieman-Liouville type of order a, a E (0,1) : D°'[g]{x) = g‘^°‘\x) is dehned as 
follows: r(l — a)g^°'\x) = 

r(l - a) B“[g](x) = r(l - a) DJ|g](x) ± (1.1) 

see, e.g. the classical monograph of S.G.Samko, A.A.Kilbas and O.I.Marichev [45], 
pp. 33-38; see also [29]. 

Hereafter r(-) denotes the ordinary L function. 

We agree to take D‘^[g]{xo) = 0, if at the point xq the expression D°‘[g]{xo) does 
not exists. 

Notice that the operator of the fractional derivative is non-local, if a is not 
integer non-negative number. 

Note also that for the considered further functions this fractional derivative there 
exists almost everywhere. 

Recall also that the fractional integral /*^“^[(/)](a;) = /"[(/)](a;) of a Rieman-Liouville 
type of an order a, 0 < o; < 1 is defined as follows: 


/(“)[0](a;) /|/ 


(/)(t) dt 


r(a) 


lo (X 


t) 


1—a 


x,t > 0. 


( 1 . 2 ) 


It is known (theorem of Abel, see [45], chapter 2, section 2.1) that the operator 
/*^“)[-] is inverse to the fractional derivative operator Zl*^"^[-], at least in the class of 
absolutely continuous functions. 


Evidently, (Kolmogorov’s theorem), the problem of distribution function esti¬ 
mation [a = 0) is well posed in the uniform norm. V.D.Konakov in [19] proved in 
contradiction that the problem of the spectral density estimation, i.e. when a = 1, 
is ill posed. 

Roughly speaking, the result of V.D.Konakov may be reformulated as follows. 
Certain problem of statistical estimation is well posed iff there exists an continuous 
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in natural distance estimate (more exactly, a sequence of such continuous estimates) 
such that the speed of convergence is equal (or less than) 1/y/n. As a rule these 
estimations are asymptotically normal. 


2 Main result: estimation of fractional deriva¬ 
tives of spectral function. 


Let us consider in this section the classical problem of estimation of fractional deriva¬ 
tives for spectral function, or equally the problem of fractional integral for spectral 
density estimation. 

Let rik, k = 1,2,... ,n he real valued, centered: Erj^k) = 0 Gaussian distributed 
stationary random sequence (time series) with (unknown) even covariation function 
r = r(m), spectral function F{\), A G [0, 2ti], F(0-|-) = F(0) = 0, and with spectral 
density /(A), (if there exists): 

r{m) = Gov{rj{j -|- m),ri{j)) = -|- m) ■ rj^j) = 


so that 



cos{\m)dF{X) 



cos(Am)/(A) d\. 


( 2 . 1 ) 


FW = r f(t)dt = /'‘'|/](A); F(0) = F(0+) = 0. 

JO 

We can and will suppose without loss of generality that the spectral density, 
i.e. the function / = /(A) to be continued on the whole axis as a 27i periodical 
(continuous) function /(A) = /(A -|- 27r). 

The periodogram of this sequence will be denoted by Jn(A), 0 < A < 27r : 


Jn{\) := (27m) 


-1 




k=l 


= - 1 . 


( 2 . 2 ) 


We intend here to estimate the fractional derivative F‘^“^(A) of the spectral func¬ 
tion F{\). 

Recall that the problem of F{-) estimation is well posed, theorem of 
LA.Ibragimov, [17], in contradiction to the problem of spectral density /(■) = R^^^(-) 
estimation. 

We assume as before 0 < a < 1/2, and denote /3 = 1 — a] /3 E (1/2,1). 

Heuristic arguments. We have using the group properties of the fractional 
derivative-integral operators 


p(„) ^ ^ = ITD-'lf] = = 




(2.3) 
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Thus, we can offer as an estimation of the following statistics 


Fa,nW I^[Jn]{X) - ft - 


1 Jn(t) dt 1 F Jn{t) dt 

T{^ Jo (t - xy-f^ ^ r(l - a) Jo (t-A)“' 


(2.4) 


Let us introduce a sequence as n = 1, 2,... of the normed and mean zero random 
processes 


C„(A) := yS (U,,„(A) - EF„,„(A)) 


(2.5) 


and also a Gaussian centered separable random process ({\) = Coo(A) with covaria¬ 
tion function 

e<,n(A,A.) = e„(A,,.) “S/ Cov(U(A),Coo(/«)) = EC(A). dp) 


4:71 


dv 


so that 


r^fl — a) Jo (A — z/)" (/i — z/)“ ’ 


u^fA) VarCoo(A) = 0«(A,A) = 


( 2 . 6 ) 


dTT 


Piy)dv dTrTfl — 2 q;) 


/"“l/qA) < «D, 


r2(l-a) A (A-!/)2“ r2(l-a) 

as long as the function f = f{\) is presumed to be continuous and a < 1/2. 


(2.7) 


Theorem 2.1. Suppose as before 0 < a < 1/2 and that the spectral density /(A) 
there exists and is continuous and strictly positive on the (closed) circle [0, 27r] : 


3Gi, G 2 , 0 < Gi < ^2 < oo ^ Gi < /(A) < G 2 , 


( 2 . 8 ) 


in particular 


/(0) = /(0+) = /(27r-0) = /(27r). 

Our statement: the sequence of the distributions of continuous random pro¬ 
cesses Cn(-) converges weakly as n ^ 00 in the space of continuous periodical 
functions G*(0,27r), i.e. in the Prokhorov-Skorokhod sense, to the distribution of 
the continuous random process Coo(‘) : for arbitrary continuous bounded functional 
G : G*(0,27r) ^ R 


limEG(Cn(-))=EG(Coo(-))- 


(2.9) 


Proof. 


1. Note hrst of all that all the considered here r.p. Cn(A), Coo(A) are continuous 
with probability one. Indeed, the covariation function 0a(A, /i) satishes the Holder’s 
condition with exponent a — e for arbitrary value e G (0 ,q;/ 2). For instance, the 
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function A —)■ o'^(A) = o'^(A) in (2.7) being represented as a fractional integral from 
the continuous function /^(•), obeys the module continuity of a form 

h) < C{a) P > 2/q;, (2-10) 





i/p 


ll7(A)r dX 




see [45], chapter 1, section 3.3., pp. 66-71. 

The general case X ^ p may be establish analogously using at the same statement 
in the book [45]. 

Hereafter as ordinary h), h E [0, 27r] denotes the module of continuity of 

(possible continuous and periodical) function g = g{X) : 


= sup \g{X) - g{fi)\. (2.11) 

\X—fi\<h 


2. I.A.Ibragimov in proved in [17] in particular the Central Limit Theorem for 
the sequence of r.p. 


r,,(A) := V^[F„(A)-EF„(A)] 
in the space C*(0, 27r), where 

FniX) = f^Ut) dt (2.12) 

JO 

is ordinary empirical spectral function. 

To be more precise, we introduce following I.A.Ibragimov also a centered sepa¬ 
rable Gaussian random process t(A), A G [0, 27r] with covariation function 

Cov(r(A), r(/i)) = 47r / p{x) dx. (2-13) 

Jo 

Dehne a non - negative function {3 = /9(A), A G [0, 27r] 

/9^(A) := 47r / f^{x) dx, (2.14) 

Jo 

and let us introduce also the following continuous distance function 

dg{X, p) := \f3{X) - (2.15) 

Then the r.p. r(A) may be represented in the sense of distributional coincidence 
as follows: 


r(A) ^ Bimi 

where B{t) is ordinary Brownian motion (Wiener’s process). 
Obviously, the r.p. r(-) is continuous a.e. 

I.A.Ibragimov proved also that as n —)■ cxd in the space C'*[0, 27r] 
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(2.16) 


Law(rn(-)) = Law(i/n [F„(-) - EF„(-)]) -)■ Law(r(-)). 

See also [7], [10], [23]. 

Therefore, the hnite-dimensional distributions of r.p. Cn(‘) converges to ones for 
the r.p. ^(•), which are of course also Gaussian. 

Moreover, 

sup sup Er^(A) < Cl < oo, (2.17a) 

^ Ae[ 0 , 27 r] 

supE[rn(A) < C 2 di 3 {\,n), (2.176) 

n 

see [17]. 


3. Let us calculate the covariation function of the r.p. r = t(A). 
More detail, we propose 


hm n ■ Gov {F,,,,(A), ■ Dr- 


r2(l-a) 


D-^[f] 


An 


P{jy) dv 


. 0Q. (A, p.). 


(2.18) 


r2(l — a) Jo (A — u)- (p — uY 
Note that the last integral is hnite since the function / is bounded and a < 1/2. 


This assertion (2.18) follows immediately from the following proposition, see the 
fundamental monograph of T.W.Anderson [2], chapter 5, page 564-572, theorem 
9.3.1: if w{X,u) is non-negative integrable relative the second variable function, 
then 


p27t r27r 

lim E J w{\, iy)Jn{i')diy = lim J w{\, iy)'EJn{i')diy = 


c2tt 


w{\ir)f{ir)dv, 


( r27T r27r 

/ w{\i, iy)Jn{iy)diy, / t(;(A 2 , z^) J„(z/)(iz/ 

Jo Jo 

r27z 

An / t(;(Ai,z/) w{\ 2 ,i^) /^(A) d\, 

Jo 

with remainder terms. We choose ta(A, v) = |A — z/|“"; it is easy to verify that all 
the conditions of the mentioned result are satished. 

Recall also that the considered stationary sequence {r]{k)} is Gaussian, i.e. with¬ 
out cumulant function. 

4. It remains only to establish the weak compactness of the distributions Cn(‘) 
in the space of continuous functions G*[0,27r]. Note hrst of all that 

C^X — < dii{\, n) < CY\X — ii\. (2.19) 
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Further, the r.p. r„(A) can be represented as a two-dimensional mean zero stochastic 
integral over a Gaussian stochastic measure, or equally in the terminology of the 
article [ 21 ] ’’square Gaussian random vectors (variables)” (SGV) or more generally 
’’square Gaussian random process” (SGP). 

5. We will use some facts about these random vectors and processes, see [ 6 ], 
[21], Introduce following V.V.Buldygin and Yu.V.Kozachenko the next function 


and 0(A) 
that 


0(A) ;= In (1 - |A|) 


_ ixn-i/2 ^-iai/2 


, |A| < 1, 


( 2 . 20 ) 


-l-cxD otherwise. V.V.Buldygin and Yu.V.Kozachenko in [ 6 ] have proved 


sup Eexp ( A? 7/\/2 Var?]) < exp 0(A), (2.21) 

ri&SGV \ ^ J 

where in ( 2 . 21 ) the supremum is calculated over all the non-trivial random variable 
rj from the set SGV, which may be dehned on arbitrary probability space. 

Since for the r.v. of the form rj = ±(.^^ — 1), where the r.v. ^ has a standard 
normal distribution, in the inequality ( 2 . 21 ) take place the equality, we conclude 

sup Eexp (A? 7 /y 2 Var? 7 ) = exp0(A). (2.21a) 

ri&SGV \ ^ } 

6 . The relations (2.21) (and (2.21a)) may be transformed. The function 0 = 0(A) 
generated so - called Banach space 5(0) as follows. 

We say by dehnition that the centered random variable (r.v) 77 dehned on some 
sufficiently rich probability space belongs to the space 5(0), if there exists some 
non-negative constant 7 > 0 such that 


VA G 5 ^ Eexp(A 7 ) < exp( 0(7 A)). ( 2 . 22 ) 

The minimal value 7 satisfying (2.22) is called a 5(0) norm of the variable 7 , 
write 


||^||5(0) = inf{ 7 , 7 > 0 : VA ^ Eexp(A0 < exp(0(A 7 ))}. (2.23) 

The space 5(0) with respect to the norm || ■ ||5(0) and ordinary algebraic op¬ 
erations is a Banach space which is isomorphic to the subspace consisted on all the 
centered variables from the so-called exponential Orliczs space (G,5, P), Y(-) with 
N — function 


N{u) = exp(0*(u)) — 1, 0*(u) := sup(Am — 0(A)). 

A 

The detail investigation of alike spaces see in [20], [31], [24]. 

7. The Ibragimov’s results (2.17a) and (2.17b) may be rewritten as follows 

sup sup ||r„(A)||5(0) < G 5 < 00 , (2.24a) 

AG[0,27r] 

sup||rn(A) - r„(/i)115(0) < Ge (2.246) 

n 
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as long as Tn{X) is a two - dimensional stochastic integral. 

Recall, see [20], [31] that the norm || ■ ||R0 is equivalent on the (closed) subspace 
of mean zero random variables with the following norm 


|||r/|||G'^/> = sup 

p>2 


\v\p ' 
^(p)J ’ 


(2.25) 


where iplp) = p. This means that on the set of centered variables from the space 
B{(j)) S° := {p:Ep = 0} nR(0) 


Therefore 


0 < inf 

T]£S° 


II>)II|GV’ 


< sup 

V£S° 


MW 


< oo. 


(2.26) 


sup sup ||r„(A)||G'^ < C 7 < cxD, 

AG[0,27r] 

sup||rn(A) -Tn{p)\\G'il} < Cs dy^(A,/i) 

n 

for some positive hnite constants C 7 , Cs. 

8 . Let now p be hxed number greatest than l/a; for example 


We deduce on the basis of inequalities (2.27a) and (2.27b) 


(2.27a) 

(2.275) 


(2.28) 


sup sup |t„(A)|p < CqP < 00 , (2.29a) 

n AG[0,27r] 

sup |rn(A) - Tn{p)\p < CiQ p \\- (2.296) 

n 

We intend to apply the so-called majorizing measures method, see e.g. [34], 
choosing as a capacity of the majorizing measure the ordinary Lebesgue measure. 
The direct application of the proposition 2.1 from [34] gives us in the considered 
case the estimation 


|rn(A) - < C{p) X{n,p) |A - (2.30) 

or equally 

u}{Tn{-),h) < C{p) X{n,p) 0 < h < 27r, (2.30a) 

where the sequence as n = 1 , 2 ,... of non - negative r.v. X^^p is such that 

sup EXP =1. (2.31) 

n 

Note that po = 8/(1 ~ 2 q;) and a fortiori 1/2 — 2/po > 0. 

9. We know that the r.p. (n(-) is the fractional derivative from r„(-) : 



(2.32) 


C„(A) = D“r„(A) 


and in addition r„(0) = 0. We apply the inequality for such a functions 


u{D^f,h)<C{a)- 


u{f,t) dt 

Jo ’ 


see [45], p. 250-253, theorem 3.16; and get 


.h +1/2-2/P Jf , ,, 

coiCn, h)<c Xn,p < Cia) Xn,p (2.33) 

Since a G (0,1/2), we conclude taking into account (2.31) that the sequence of r.p. 
Cn{') satisfies the famous Prokhorov’s criterion [39] for weak compactness of the 
(Borelian) probability measures in the space of continuous functions. 

This completes the proof of theorem 2.1. 


Theorem 2.2. Let all the conditions of theorem 2.1. be satisfied. Suppose in 
addition 


lim [y/n uj{f, 1/n) \ \nu{f, l/n)|] = 0. (2.34) 

ITe propose that the sequence of the distributions of continuous random processes 

0n{\) = V^(F„,«(A)-F(“)(A)) 

converges weakly as n ^ oo in the space of continuous periodical functions C*(0, 27r), 
i. e. in the Prokhorov-Skorokhod sense, to the distribution of at the same continuous 
random process Coo(-)- 

Proof. It is sufficient to justify that 

lim sup |EJ„(A) — F(A)| = 0. (2.35) 

Ae[0,27r] 

The expression for EJ„(A) is given and investigated, e.g., in [2], chapter 8, sec¬ 
tions 8.2 - 8.3: 


EJn(A) = r 4>n(A - n) f{iy) dv = [$„ * /](A), (2.36) 

J —77 

where *hn(‘) is the well - known Fejer’s kernel 

_ sm\n\/2) 

27rn sin2(A/2)- 

The error of the Fejer’s approximation $„*/ — / in the uniform norm is investigated 
in many works: [9], [30], [40], pp. 339 - 341, [41] etc. For instance, 

sup |[4>n * /](A) - /(A)| < C uj{f, 1/n) \ lncn(/, l/n)|, 

Ae[0,27r] 

see [9], pp. 33 - 40. Therefore, the equality (2.35) there holds by virtue of condition 
(2.34). 
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Note that the condition (2.34) is satished if for example 

h) <C , 0 < h < 2%, (5 = const > 1/2, (2.37). 

see [9], pp. 33 - 40. Note only that the condition (2.37) is very weak. 

T.W.Anderson in [2], chapter 8, section 8.3 imposed on the spectral density /(A) 
a more strong restriction 


OO 

y/ a{m) < OO, 
m=0 

where 


OO 

/(A) = a(m) cos(mA). 

m=0 


Remark 2.1. Emerging in the equality (2.7) the variable 




1 P{iy)du 

r(2a) Jo (A - z/)i-2“ 


may be n — consistent estimated as follows: 


/2“[/2](A) ^ 


1 

r(2a)io (A-z/)i- 2 «' 


Remark 2.2. We have proved the asymptotical normality under certain cond- 
ditions of the sequence of random processes 

0„(A) = V^{f„,«(A)-F(“)(A)} 

as n —)■ OO in the space C*(0,27r) of continuous functions. Therefore if the value n 
is ’’sufficiently great” 


n ■ max 

A 


{-Fa,n(A) — F'-^yA)! > ~ P(max |Coo(A)| > u), u = const > 0. 


The asymptotical as m —)■ oo behavior of the last probability is fundamental 
investigated in the monograph [38], see also [37]: 


P(max |Coo(A)| > m) ~ H{a) u 

A 


R—1 


exp 




H(a), K = const, = a‘^(a) = max 0 q,(A, A). 

AG(0,27r) 

The last equalities may be used by construction of conhdence region for 
in the uniform norm. Indeed, let 1 — 5 be the reliability of conhdence region, for 
example, 0.95 or 0.99 etc. Let uq = uo(d) be a maximal root of the equation 

11(a) Uq~^ exp (^—Uq/ct^'J = 6, 
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then with probability fa 1 — 5 


sup 

Ae(0,27r) 




< 


uojS) 
y/n ' 


3 CLT in Holder spaces for spectral functions es¬ 
timation. 


Let (X = {x}, d) be compact metric space relative some distance (or semi-distance) 
d = d{xi,X 2 ). The modified Holder (Lipshitz) space H°[d) consists by dehnition on 
all the numerical (real or complex) continuous relative the distance d = d{xi,X 2 ) 
functions f : X ^ R satisfying the addition condition 


ii,„ dtiM = 

5 ^ 0 + S 


(3,1) 


Here u{f, 5) = u{f, d, S) is as before uniform module of continuity of the (continuous) 
function / relative the distance (metric) d{-, ■) : 


= u{f,S) = sup - f{x 2 )\. (3.2) 

XI ,X2:d{xi 

The norm of the space H°{d) is defined as follows: 

\\f\\H°{d) = sup\f{x)\+ sup (3.3) 

x&X d{xuX2)>0 [ Cl[Xi,X 2 ) } 

The detail investigation of these spaces with applications in the theory of non¬ 
linear singular integral equations is undergoing in the first chapter of a monograph 
of Gusejnov A.I., Muchtarov Ch.Sh. [15]. We itemize some used facts about these 
spaces. 

This modihcation of the classical Holder (Lipshitz) space H{d) in which the 
condition (3.1) do not be presumed and hence is not separable, is really separable 
Banach space, in particular is linear, normed and complete and in turn is a closed 
subspace of H{d). 

Note but the space H°{d) may be trivial, i.e. may consists only on constant 
functions. Let for instance, X be convex connected closed bounded domain in the 
space i?™, m = 1,2,... and let d{xi,X 2 ) = \xi — X 2 \ be usual Euclidean distance. 
Then the space H°{d) is trivial: dim H°{d) = 1. 

The space H°{d^), f = const G (0,1) in this example in contradiction is not 
trivial. 

Further, if an another distance r = r{xi,X 2 ) on the source set X is such that 

Vxi e X ^ lim d{x,xi) ^ 
dix,xi)^0 r[x, Xi) 

then the space H°{d) is continuously embedded in the space H°{r). 
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We will write the equality (1.4) as follows: d « r. 
For instance, the distance r{xi,X 2 ) may has a form 


r{xi, X 2 ) = d'^{xi, X 2 ), (d = const G (0,1). 

Of course, in the considered here problem X = [0, 27r], d{\, /i) = |A — /i|^, A = 
const G (0,1). We introduce hence the following Holder’s spaces over the circle 
[0, 27r] consisting on all the periodical (continuous) functions with hnite norm 


ll/II^A == sup |/(A)|+ sup 

Ae[0,27r] |A-/i|>0 


l/(A)-/(/i)l l 

j’ 


(3.5) 


and snch that 


or eqnally 


lim 

(5^.0+ 


^^(/, h)\ 

f 


0 . 


VjU G [0, 27r] ^ lim 

A- h/Jr 


im-fMi ] 

|A-/i|^ j 


0 . 


(3.5a) 


(3.56) 


The classical CLT in Holder’s spaces, i.e. CLT for the sums of independent 
random processes, with applications, is investigated in many works, see, e.g. [18], 
[35], [42], [43], [44]. 

Onr aim in this section is investigation of the CLT for estimation of fractional 
derivative for spectral function. 


Theorem 3.1. Let all the conditions of theorem 2.1 he satisfied. Let also A 
be arbitrary number such that 0 < A < 1/2 — a. The sequence of the distributions 
generated in Holder the space by the r.p. (n converges weakly as n ^ 00 to the 
distribution in this space to at the same r.p. Coo. 


Proof. To establish the weak compactness in these spaces, we retnrn to the 
inequalities (2.32)-(2.33): 


h) A C Xn^p 


A dt 

D 


< 


C{a,p) Xn,p < C{a,p) Xn,p 36 = const > 0, (3.6) 

if the value p = p = p{a, A, 6) is sufficiently great. As before, snp„ = 1. 

We apply the Tchebychev’s inequality 


sup P 


'a;(Cn, <- g 


hA+s 


uP 


(3.7) 


for sufficiently greatest values u. As long as the set of a (continnous) fnnctions 
/ : [0, 27r] —)■ R snch that 


{/ : u{f, h) <u ■ u = const < 00 
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is a shift - precompact set in the space see [15], chapter 1, we conclude that 
the main Prokhorov’s condition for weak compactness of probability measures [39] 
is satished. 

The rest: convergence of hnite-dimensional distributions, belonging the limit 
process Coo(‘) to the space is just. 

Corollary 3.1. If we choose a = 0, we get to the following extension of 

I.A.Ibragimov’s [17] result: for arbitrary value A from the interval (0,1/2) the se¬ 

quence of distributions in the Banach space of the r.p. Tn{-) converges weakly 
as n —)■ cxD to one for the r.p. r(-). 

Corollary 3.2. If in addition to the conditions of theorem 3.1 the function 
F = F{X) satishes the following restriction 

lim ^ F^^'>\\m = 0, (3.8) 

n—>-oo 11^ 

then the sequence of the distributions of Holder continuous random processes 

9n{\) = y/^(F„,„(A)-F(“)(A)) 

converges weakly as n — )■ cx) in the space in the Prokhorov-Skorokhod sense to 
the distribution of at the same centered Gaussian continuous random process Coo(‘)- 

The sufficient conditions for the equality (3.8) may be found in the articles [11], 
[22]. For instance, this equality is satished if 

D’^F e HI, 

where as before A < a — 1/2, see [11], page 8, corollary 3.2. 


4 Non - asymptotical approach. 


We do not suppose in this section that n —)■ cxd (n >> 1). More exactly, we intend 
to obtain here the upper and lower exponential estimate for the non-asymptotical 
probabilities for the following normed uniform deviations 

W:{u) supP(V^ sup |F„,,(A) - EF„,,(A)| > m)) (4.1a) 

n A 

and correspondingly 

Waiu) supP(\/n sup |F/^a(A) — F*'"^(A)| > u)), u>l. (4.16) 

n X 

Theorem 4.1. Let all the conditions of theorem 2.1 he satisfied. Our statement: 
for some positive finite constants Ci = Ci(q;), C 2 = C 2 (a), Ci < C 2 

exp(—C 2 (q;)m) < W^{u) < exp(—C i(q;)m), m > 1. (4.2) 
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Theorem 4.2. Let all the conditions of theorem 2.2 be satisfied. Our statement: 
for some positive finite constants C 3 = C 4 = C 4 (q;), C 3 < C 4 

exp(—C 4 (q;)m) < Wa{u) < exp{—Cfia)u), u > 1. (4.3) 

Proof. Let us consider the random processes (n = Cn(A). We employ the in¬ 
equality (2.33): 


then 


^(Cn; h) ^ C X^i p / 
Jo 


h dt 

tl+a ’ 


oo{Cn,h)<C,X^,p p>l/a, 

where as before sup„ sup^ E|X„p|^ = 1. On the other words, 

ICn(A) - Cn(/i)| < O 5 Xn,p IA - 

Analogously 


|Cn(A)|<C'6 X„,p. (4.4a) 

As long as the random variables {Cn(A)}, A G [0, 27r] are also the two-dimensional 
stochastic integrals over Gaussian measure (Gaussian chaos), on the other words, 
belongs to the described above Banach space The so-called entropy condition 

[36] for the set [0, 27r] relative the distance |A— for each the values p, p > l/a 
is satished, and we conclude using the main result of an article [36] that 

sup max |Cn(A)| G Gfj, (4.5) 

n AG[0,27r] 

where (recall) filp) = p. 

The right-hand side of bilateral inequality (4.2) follows immediately from (4.5), 
see [20], [31]. The left-hand of (4.2) estimate is very simple: 

W°{u) > P(|Ci( 7 r)| > u)> exp{-C 2 {a)u). 

The second theorem 4.2 may be proved by means of theorem 2.2. 


5 Concluding remarks. 

A. Weight case. 

Perhaps, it is interest to investigate the error in the uniform norm of the approx¬ 
imation of a form 


V{X) • {W ■ F)G'){x) ^ V{X) • (W ■ F)n,a{x), 

or analogously 
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V{x) ■ (W * ^ V(x) ■ (W * F)„,„(a;), 

or analogously 

V{X) *{W* FY^\x) ^ V{X) *{W* F)n,a{x), 

where V{x),W{x) are two weight functions, for instance, V{x) = \x\^, W{x) = 
7 , A = const. 

B. Applications (possible) in statistics. 

The asymptotical tail behavior of the statistic sup;^ |6'n(A)| may be used perhaps 
in turn in statistics, for instance, for the verihcation of semi-parametrical hypotheses 
and detection of distortion times of signals etc. 

C. Non - centered sample. 

If the source stationary Gaussian random sequence {rjk}-, k = 1,2,... is non - 
centered: 


= a 7 ^ 0, k = 1,2,... ,n, 
then we can replace as ordinary 


o d.'^f -1 

Vk ■= Vk = Vk - n }_^ r]j = r]k- an, 
i=i 

where = n~^ '^]=i Vj is consistent estimation for the value a. Both the theorems 
2.1 and 2.2 remains true under at the same conditions. 

D. Perhaps, obtained above results may be extended on the multivariate time 
series by using of the results of the book [16], chapter 5, as well as on the non- 
Gaussian processes through the cumulant function and on the case of the ” continuous 
time”. 
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